Nr = number of theoretical units

Py = partial pressure of adsorbate

P, = vapor pressure of adsorbate

R = gas constant

T = temperature

U = solute adsorbed in adsorption zone

we = quantity of effluent from adsorber between break-
through and exhaustion

w, = quantity of effluent from adsorber at breakthrough

X, = adsorbent composition at exhaustion

Xy = adsorbent composition at total saturation

x == volume of HF adsorbed

Y,  =:adsorbate composition of entering gas

Ys = adsorbate composition of gas at breakthrough

Z = height of adsorbent bed

Z, = height of exchange zone

€ = adsorption potential

¢ = volume of adsorption

p = density at boiling point
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Suboptimal Control of Stochastic Distributed Parameter Systems

A problem with important process applications is the
control of distributed parameter systems subject to
boundary and volume disturbances and measurement
errors. The optimal control of linear stochastic distributed
systems has been studied by Tzafestas and Nightingale
(1968), Kushner (1968), Thau (1969), Pell and Aris
(1970), Bensoussian (1971), and Sholar and Wiberg
(1972), while feedback control of nonlinear stochastic
distributed systems was investigated by Yu and Seinfeld
(1972). The objective of this communication is to propose
a suboptimal scheme for control of nonlinear noisy dis-
tributed parameter systems. Briefly, the scheme is based
on the extension of the Lyapunov functional method and
is designed to be easy to implement in practice.

STATEMENT OF THE PROBLEM

We consider the class of systems governed by the vector
nonlinear partial differential equation

xe (1, t) = f[1, 8, &, Xry Xy, 0(7, ) ] + E(1, 8) (1)

defined for time ¢ = 0 on the normalized spatial domain
re(0, 1). x(r, t) is the n-vector state, x;, xr, X,» denote
0x/9t, 9x/dr and 8%/312, respectively, and v(r, t) is a
known p-vector (p = n) volume control. The boundary
conditions for Equation (1) are given by the Il-vector
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(1= n) functions
go(t, %, X, wo(t)) + &(t) =0 r=0 (2)
gt %, % 01 (8)) + 6() =0 r=1 (3)

where wo(f) and o;(¢) are known po and p;-vector
boundary controls, respectively.

Observations of the system are made continuously in
time at N discrete spatial positions in the form

y(’i, t) = h(ri: L, x(ri’t)) + W(ri; t)
i=1,2,..,N (4)

where y(r;, £), the observation, is an m-vector (m = n)
and 7 [0, 1].

The random disturbances ¢(r, t), &o(t), & (t) and
n(r;, t) are assumed to have unknown statistical properties
other than they are independent and have zero mean.

An important general class of control problems is the
regulator problem. The general regulator problem for
the system (1) to (4) would involve keeping the state
x(r, t) as close as possible to some desired state x?(r)
over some period of time [0, #;] on the basis of the obser-
vations y(r;, t), i = 1, 2, . . ., N. Formally stated, we
want to specify the volume control ©(r, ¢) and the
boundary controls, we(¢) and e;(t) as functions of the
observations, to minimize the performance index
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j= E{ S LS <tnt — ),

Wi(r, s t) (x(s,t) —x%(s))> drdsdt} (5)

where W (7, s, t) is a positive-definite weighting matrix,
for which W(r, s, t) = WT(s, r, t), and E(*) denotes
the expected value. Also, <a, b> denotes the norm a’b.
Because of the intractability of this performance index,
we will shortly propose a related index to replace Equa-
tion (5).

THE SUBOPTIMAL SCHEME

The solution to this problem, and indeed to the corres-
ponding deterministic problem, cannot be obtained in the
nonlinear case. Thus, we must resort to a suboptimal
solution. It is reasonable to sacrifice some degree of
optimality to achieve a control scheme that is both simple
and practical. We set the following ground rules:

1. The control must be easy to implement.
2. The control will be based on the state estimates

la\c(r, t) rather than on the observations y(r;, ¢). Thus,
a filter will be required in the control loop.

We will consider only a special class of the system
(1)-(4), namely where the control is exercised through
a volume control v(r, £) and where the control v(r, t)
appears linearly on the right-hand side of Equation (1),

£(r, t, %, %y, Xpr, ©)
=¢(1‘, t, X, Xy xrr) -+ B(r, t’ x) U(r: t) 6)

¢ is an n-vector function and B is an n X p matrix.

We propose to design the controller to achieve an
instantaneous rather than an overall optimum. This ap-
proach has been employed in deterministic distributed
parameter control problems by Paradis and Perlmutter
(1966) and Vermeychuk and Lapidus (1972). An ap-
proach for stochastic lumped parameter systems similar to
what we will propose here was presented by Seinfeld
(1970).

It is not practical to have the control v(r, ¢) vary con-
tinuously along r. Therefore, we propose to have v(r, t)
be piecewise constant over (0, 1). In particular, let the
spatial interval (0, 1) be divided into « disjoint sub-

intervals F;, 4 = 1, 2, . . ., a, such that (0, 1) = O F;.
i=1

At any time ¢t we require that the control v(r, ) be con-
stant over each subinterval F;. We let

i=12 ...,a (7)

The v(a;, t) are to be determined as follows. Choose
a discrete spatial points, a; eF;, i = 1,2, . . ., «, and de-
fine an instantaneous criterion of system deviation from
the desired state at the « points by

v(r,t) =v(a,t) reF;

A
A <( x (ah t) _xd(ai))9

J =

i=

a @

J

-

Wy( % (apt) —2%(ap))>  (8)

A
where % (@, t) is the filter estimate and x%(q;) the
desired value. Note that the spatial positions a;,

i=1,2, ... a upon which the control is based need
not be the same as those at which the measurements are
made, 7, ¢ = 1, 2, . . .N. The matrix W}; is taken to
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symmetric and positive-definite.

We propose to choose v{a;, t), 1 = 1,2, ..., o, to
ol
maximize the rate of movement of x (4, t) towards

x%(g;). This can be achieved if J is minimized at each
instant of time with respect to v(a;, ). Since the amount
of control we can apply will almost always be bounded,
we impose upper and lower bounds on each v(a;t),

vela) =via,t) =0v*(q) i=12,...,a (9)
Differentiating J with respect to ¢ gives

A
<x (ai; t),
1

J=2.

a
i=

a
1j=
~ d

Wii( % (a5, t) —x%(a;)) > (10)
We will want to minimize J at each instant of time. In
order to do this, we first need to investigate the estimate
A
X (di, t).

NONLINEAR FILTER

A
We note that we need the state estimates x (7,%).
These are to be provided by a nonlinear filter. A general

A
nonlinear filter which provides estimates x (r, t) of
x(r, t) based on the noisy observations y(r;, ) has been
derived by Seinfeld et al. (1971) and Hwang et al.
(1972). The filter consists of the following equations:

A AA A
xe(r, t) = f(r, 1, X, Xps Xer, ©)

N N
+ 2 2 P(T, Tiy t)th(ri’ t,lx\ )Qi](t>'

i=1 j=1 N
fy(rpt) — h(rpt,2)]  (11)
o6, % Arwg) =0 =0 (12)
g% ta) =0 r=1 (18)

Pilr 5 t) = H(r)P(r,5) + P(r, 5 t) 27(s)
+ B (1) Pu(n, 5 8) + Po(r, 5,) FusT(s)

A A
F ferp (1) Por (7, 8, 8) + Pss (1, 8, ) fussT(8)

N N
+ ; P(r, 1, t) Spj(ri, 13, ) P(ry, 8, 1)
l:—]l J;,l
+ 2 2 B(r, 1) Sulr 15 )P (7 5,1)
LR (ns) (14)
P(r,s,0) = Py(r, s) (15)

g, P(net) + g, Pilnst)
+ RO g FE 3(e) =0, r=0 (16)

g, P(not) + g Prinst)
~R71(t) g?:ﬁf, 8(s—1) =0, r=1 (17)
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where the n X n matrices

oH (13, 13, 1)
$,(ro13,8) = —A”——'
ax (r;,t)
oH (r, 15 t
S (r,151) I ? g
' 3 (1, 1)

and the n-vector
H(ry18) = b7 (ro t, %)
A
Qi(t) [y(r,t) — h(r,t,x)]1 (19)

The weighting matrices Qi;(t), R(r, s, t), Ro(t) and R, (f)
are continuous with respect to their arguments and posi-
tive-definite with the symmetrical properties: Qy(t) =
jST(t), R(T, S, t) = RT(S, 7, t), Ro(t) = R()T(t) and
Ri(t) = R,7(t). Furthermore, we assume the existence of
the generalized inverse matrix R* (r, s, t) satisfying

S Rt an RGO do=T00r—5)  (20)

where 8(*) is the Dirac delta and I is the identity matrix.

A A
We assume that the inverses of g, and g, exist when
Tr Tr

A A
these are square matrices. If not square, g7! and g ! are
Ty T

to be interpreted as the left pseudo inverses
A A A A
8, = (80,8, )7 &,
(21)
A A A A
g5, = (8,807 &,
A A
If g, = 0and g,! exists, the third term of Equation
zp x

(16) should be replaced by Ro='(t) g711T #(s),

where 8 (s) denotes d5(s)/ds (Carrier et al,, 1966). If

Ig\l = 0 and lg\l‘l exists, the third term of Equation (17)

should be replaced by —Ri~1(t) g7117 &(s — 1),
X T

Boundary conditions at s = 0 and s = 1 on P(r, s, t)
follow from the symmetry property P(r, s, t) = PT(s, r, ).

MINIMIZATION OF J

From Equations (6) and (11) we let ] =J + Ja
where

h=2 2 2 <y(a,t),

i=1 j=1
W% (a5t) — x(a))>  (22)
L= 2§ <o(ay 1), Blat)> (23)

and the n-vector y(a;, t) and the p-vector B(a;, t) are
defined by

AN A
y(a, t) = $(ai t, %, Xy Xag;)

N N
+ 12 kZ P(ay 7 )hT(r 1,7 ) Oult).
=1 =1

[y(ret) —h(nt,x)] (24)
AIChE Journal (Vol. 19, No. 2)

Blant) = BT(ay t, %) 12 Wil % (g, ) —22(a))  (25)

It is easy to see that J is minimized if

v*k(a@) Brlant) <O
vp(a;, t) = { i=12,...,a (26)
Bk(ai’t)>0 k 1’2:"',p
If Bi(ai,t) =0, we can hold vk(a;,t) at its previous
value until B # 0. Since we are not obtaining the true
optimal solution, Bx = 0 over an interval of time cannot
be construed as a singular interval.

ks (@)

A NUMERICAL EXAMPLE

We consider the following scalar, linear parabolic sys-
tem (n=1p=1m=1),

x¢(r, t) = 0.5 % (1, ) + (1, %) (27)
%, =08+ &(t) r=0 (28)
=0 r=1 (29)

ylrpt) = x(rpt) +q(r,t) i=1,2,8 (30)

Fig. 1. Filter performance.
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where the unknown initial state is x(r,0) = 1.5. The
observations are made at r; = 0.2, r, = 0.5 and r; = 0.8.
It is desired to drive the system to the desired state,
x4(a;) = 0.9, x%(az) = 1.0 and 2%(a3) = 1.1, where
a; = 0.2, ap = 0.5 and a; = 0.8. The performance index is

A
1= 2 (3 (at) — x4(a))? (31)
i=1

We assume that the control can be exercised only in the
region (0.05, 0.95). The design of the control is v(r, t)
= v(a;, t), reFy, F1 = (0.05, 0.35), F; = [0.35, 0.65],
and Fs = (0.65, 0.95), with v(r, t) = 0, r¢F;. The con-
trol bounds were chosen arbitrarily as

v®(a;) = 0.75 v*(az) = 0.75 v* (a3) = 1.0
vo(ay) = —025 wvi(ay) = —0.375 wv.(az) = —0.5

For the purposes of numerical simulation the dis-
turbances were generated by & (t) = 0.16 G(0, 1) and
7(r, t) = 05 G(0, 1), where G(0, 1) is a normally
distributed random variable with zero mean and unit
standard deviation.

The control scheme of the last section was implemented
in a numerical experiment. Equation (14) was solved
by the alternating direction method. 3(s) was approxi-
mated by 1/Ar, ar being the spatial mesh size, @ = 4/3,
and Re~! = 0.0256. The control law of equation (26)
is in this case

A
o* (@) x(a,t) <ax¥a)

A
ve(@) x(apt) >x%(a)

v(a, t) = (32)

X(0.2,1)

X(0.5,1)
o O
-~ (e}
___/'

X{0.8,1)
o o -
o

Fig. 2. Comparison of suboptimal control performance: Curve T1—
desired state; Curve 2—perfect observations; Curve 3—noisy observa-
tions, no filter; Curve 4—noisy observations, no filter.
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The initial conditions for Equations (11) and (14) were

% (r,0) = 2.0 and P(r, 5, 0) = 3.0,

The results are shown in Figures 1 and 2 for t; = 7.4,
Figure 1 shows the performance of the filter. The two
curves at each of the three measurement locations are
the true state and the filter estimate. Figure 2 shows a
comparison of the performance of the control policy of
Equation (32) in the presence and absence of the filter.

With no filter Q(ai, t) in Equation (82) is replaced by
the observation y(a;, ¢). Without the filter the sub-
optimal control law is ineffective due, of course, to the
noise in the observations.

SUMMARY

We have presented a practical suboptimal scheme for
the volume control of the system (1) to (4) based on
minimizing an instantaneous performance index. The
performance of both the filter and the control scheme
was demonstrated for a parabolic system. The suboptimal
control problem in which boundary controls exist has
yet to be solved. Since this is an important class of
distributed control systems it is worthy of future atten-
tion. Finally, no general results on the stability of sub-
optimal schemes such as that proposed here appear to be
attainable. This is an important issue which should be
studied computationally with a system model prior to
implementation.
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